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We discuss the Crank-Nicolson and Laplace modified alternating direction implicit
Legendre and Chebyshev spectral collocation methods for a linear, variable coefficient,
parabolic initial-boundary value problem on a rectangular domain with the solution sub-
ject to non-zero Dirichlet boundary conditions. The discretization of the problems by the
above methods yields matrices which possess banded structures. This along with the use
of fast Fourier transforms makes the cost of one step of each of the Chebyshev spectral
collocation methods proportional, except for a logarithmic term, to the number of the
unknowns. We present the convergence analysis for the Legendre spectral collocation
methods in the special case of the heat equation. Using numerical tests, we demonstrate
the second order accuracy in time of the Chebyshev spectral collocation methods for gen-
eral linear variable coefficient parabolic problems.

© 2010 Elsevier Inc. All rights reserved.

1. Introduction

We consider the parabolic initial-boundary value problem

u[+(L1+L2)u:f(X:y7t)7 (xvy’t)egx[():T]? (]1)

u(x’.V7O) :gl(xvy)7 (xv.y) eﬁv (12

u(X7y>t):g2(X7yat)a (X-,%t) e&Qx [OvT] (13)
where Q = (-1,1) x (—1,1), 99 is the boundary of Q,

Liu = —a1(x,y, t)ux + b1 (%, Y, )uy + C(x, ¥, )1, (1.4)

Lu = —ay(x,y,t)uyy + by (x,y, t)uy, 1.5)
and

0 < Gmin < a1 (X, ¥, 1), G(X, ¥, 1) < dmax, (X, ¥,t) € Qx [0,T]. (1.6)

The given functions a;, by, ¢, ay, by, f, g, and g, are assumed to be continuous on Q x [0,T], Q, and 9Q x [0, T],

respectively.

The operators L, and L, of (1.4) and (1.5) are given in non-divergent forms which are common for collocation methods. The
operators L; and L, in divergent forms, which are common in finite element Galerkin methods, can be put in non-divergent

forms using differentiation.
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Alternating direction implicit (ADI), splitting and fractional-step methods have been extensively studied and used in con-
junction with finite difference, finite element, and spline collocation discretizations of parabolic problems (see [16,20,12,4]
and references therein). The purpose of this paper is to consider an application of basic ADI schemes in conjunction with
spectral collocation to the solution of (1.1)-(1.6). Specifically, we use Legendre and Chebyshev spectral collocation for spatial
discretization. For time discretization we use the Crank-Nicolson (CN) ADI scheme and the Laplace modified (LM) ADI
scheme. With an appropriate choice of basis functions for Legendre and Chebyshev spectral collocation, the matrices arising
in the CN ADI and LM ADI schemes are banded. Moreover, the application of fast Fourier transforms (FFTs) renders the CN
ADI and LM ADI Chebyshev spectral collocation schemes computationally very efficient. Specifically, the cost of each of the
Chebyshev schemes is proportional, except for a logarithmic term, to the number of unknowns, where the cost of a scheme is
the number of required arithmetic operations.

Although in this paper Q2 is a square, the proposed methods can be extended (cf. [5]) to the case in which Q is a union of
rectangles. Using extrapolation it is also possible to include in (1.1) a term involving u,, and extend the methods to nonlinear
differential equations (cf. [5]).

The outline of this paper is as follows. In the next section, we establish terminology, notation and also discuss the banded
structure of the resulting collocation matrices and the application of FFTs. The CN ADI and LM ADI spectral collocation
schemes are formulated in Sections 3 and 4, respectively. The convergence analysis for both the CN ADI and LM ADI Legendre
spectral collocation schemes for the heat equation is presented in Section 5. Finally, the results of some numerical tests for
the CN ADI and LM ADI Chebyshev spectral collocation schemes are presented in Section 6.

2. Preliminaries

For a positive integer N, let Py be the space of polynomials of degree < N on [-1, 1], and let PY, be the subspace of Py con-
sisting of all v € Py such that (+1) = 0. In the case of Legendre spectral collocation, the basis {p,(x)}y for P} consists of
the functions p,(x) defined by (see [21,6])

pk(x):Ck[LI<—1(X)_LI<+1(X)]> Ic:lv"'vN_lv (2])

where Li(x) is the Legendre polynomial of degree k and the normalization constants c, are given by

= (4k+2)"2 k=1,... N-1.

In the case of Chebyshev spectral collocation, the functions p,(x) are defined by (see [8])

PeX®) = (1= x)T1(x), k=1,... N—1, (2.2)

where Ty (x) = cos(kcos~! x) is the Chebyshev polynomial of degree k.

Let G = {&}17" and {w;}}'7' be the sets of interior nodes and weights, respectively, of the (N + 1)-point Legendre or Cheby-
shev Gauss-Lobatto quadrature on [—1, 1]. A procedure for computing the Legendre nodes and weights can be found in [2]
while the Chebyshev interior nodes and weights are give by (see (4.3.12) and (4.3.13) in [18])

in T .
fi:cosﬁ, w,»:ﬁ, i=1,....N-1. (2.3)

We define the (N — 1) x (N — 1) collocation matrices

N-1 N-1

A= (—PiE)) s B= (@it C= (P(&))iess (2.4)

where i and k are the row and column indices, respectively. We introduce the matrices

W = diag(w,...,wy.1), A =B"WA, B =B'WB, (2.5)

N-1 N-1
and write A"and B' as A' = a;“’?sz and B' = (b, gD the case of the Legendre nodes and weights, it is known that (see
[21,6]) A = I' while B’ is symme r1’c’,1pentadiagonal with zeros on the first super-diagonal. Moreover, the non-zero entries of B’
are given by (see [21,6])

2k +1
2k —1)2k+3)’

N-1

I 2 e —
bk.k - 4Cl< (ZN _ 3)N’

k=1,....N=2, by ,y.1=06C,

/ 2
bk,k+2 = *CkC/#zﬁ, k:].,...,Nfgv.

In the case of the Chebyshev nodes and weights, it is shown in [8] that A’ is nonsymmetric, pentadiagonal with zeros on the
first super- and sub-diagonals, while B’ is symmetric, enneadiagonal with zeros on the first and third super-diagonals. More-
over, the non-zero entries of A’ and B’ are given by (see [8])
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d =7 dy =K -2k+3)m/4, k=2,... .N-1,

Gy = —(K —k)/8, k=1,...,.N-3,

a,=-1/2, dy,=—(K-3k+2)n/8, k=4,.. N-1,
by, =3m/8, b\;= bl3‘1 =-m/4, bys=Dbs,=m/16,

by, =m/16, by, =b,,=-3m/32, by, =7m/32,

by =3m/16, k=4,....N-2, by v, =71/32,

bikia = biop =-1/8, k=3,...,N-3,

bikia = bioax =m/32, k=2,...,.N-5.

We introduce

1-x 1+x
Po(%) =5 Pn(x) =5

Then {p,(X)}1_, is a basis for Py. We define the (N — 1) x (N + 1) collocation matrices

N-1.N

A= (=pi&))i o B= (&S €= (P& (2.6)
Using (2.4) and (2.6), and adopting Matlab notation, we have

A=A(;1:N-1), B=B(;1:N-1), C=C(;1:N—1). 2.7)

For a positive constant x, we consider a linear system

(§ + K;\)[vo, e vN}T =p, where vy, vy are given. (2.8)

It follows from (2.7) that (2.8) reduces to the system

B+KAWV=q, Vv=[v1,...,on1]". (2.9)
Multiplying (2.9) by B'W and using (2.5), we obtain the equivalent system

(B + kA')v = B'Wq, (2.10)

where A’ and B’ are banded matrices in both the case of Legendre and Chebyshev spectral collocation. In the remaining part of
this section we assume that the p, and &;, w; are given by (2.2) and (2.3), respectively. Then the cost of computing the right-
hand side of (2.10) is O(Nlog N) since, as explained in [7, Appendix C], the FFT routines cosqf and singf of [23] can be used
to multiply a vector by B". Assuming that N is even, and taking advantage of the structures of the matrices A’ and B, we see
that (2.10) splits into two linear systems. The first of these systems, for the N/2 odd coefficients vy, vs,. .., vn_1, involves the
odd parts A, and B, of the matrices A and B, respectively. The second system, for the N/2 —1 even coefficients
V3, Vs, ..., Un_2, involves the even parts A, and B, of the matrices A" and B, respectively. In the case of odd N, we have
(N —1)/2 odd coefficients v1, vs,..., vy and (N — 1)/2 even coefficients v5, v4,..., vn_1. The matrices A, A, are nonsym-
metric and tridiagonal, while B,, B, are symmetric and pentadiagonal. Thus (2.10) reduces to two pentadiagonal linear sys-
tems, each of which can be solved at a cost O(N). Hence the cost of solving (2.8) is O(NlogN).
In addition to (2.8), we consider the more general linear system

(E + kDA +D,C +D3E>[vo, ~..,uon]" =p, where vy, vy are given, (2.11)

where k¥ > 0and Dy, D,, Dsare (N — 1) x (N — 1) diagonal matrices with positive diagonal entries in the case of D,. It follows
from (2.7) that (2.11) reduces to the system

(B+KkDiA+DyC+DsB\V=q, Vv=][vr,..., 081" (2.12)

This system can be solved using a preconditioned iterative method, for example, the preconditioned BICGSTAB [24] or
GMRES [19] with the matrix B + kA as a preconditioner. (In the following, we concentrate on BICGSTAB since BICGSTAB is
less expensive than GMRES and since in our numerical tests BICGSTAB was as accurate as GMRES for a given number of iter-
ations.) As explained in [7, Appendix D], the multiplication of a vector by the matrix B, A, or C can be carried out, at a cost
O(NlogN), using the FFT subroutines cosqf and singf of [23]. A linear system with B + kA can be solved efficiently (see
(2.9) and the discussion following it). It should be noted that FFTs are not applicable in the case of Legendre collocation.
Therefore in this case, the cost of multiplying a vector by the matrix B", B, A, or C is O(N?) assuming that each of these mul-
tiplications is carried out directly.

For an integer M > 2, let {t,}V, be a partition of [0, T] such that t, = nt, where T = T/M. For a function ¢ defined on
{t.}M,, we use the following notation throughout the paper:
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- d)nﬂ _ d)n—]
O =9t 0" =" =" " =T
For n=0,...,M, L] and L} denote the differential operators given by (1.4) and (1.5), respectively, with t=t,. For
n=0,...,M—1, we set ty,12 = to+7/2 and use L}""/* and L}"'/* to denote the differential operators given by (1.4) and
(1.5), respectively, with t = t,.1,,.

8?¢n _ ¢n+1 _2¢n +¢n—1.

3. CN ADI scheme

The second order accurate in time spectral collocation CN ADI scheme (cf. (3.1)-(3.2) in [4] and (33)-(34) in Section 5 of
Chapter 9, along with the comments in the middle of p. 555, in [20]) consists of finding U" € Py ® Py, n =1,..., M, such that
forn=0,... M—1,

ymz _gn n+1/2p /2 | pne/2pm| e nb1/2) e 3
—o5r  HLHTUTE A TRUN @ =), cegxg,
Un+1 _ Un+1/2 (31)
[T FLTEUTE LQH/ZU"“} (& =f12(0), ¢egxg,
where
1
f”*l/z(f) :E[ ”(f) +fn+](f)], 5 €Gx g7 (3.2)
U° € Py ® Py, U"|,o, n=1,...,M, are assumed to be given, and where for each ¢ € g, U""/?(-,¢) € Py and
U™ (a, ¢) = {(1/2)(U"'+1 +U") + (r/4)L V2 U™ - U”)] (0,8), o=+l (33)

The functions U° € Py @ Py, U"|,,, n=1,...,M, can be prescribed by interpolating (collocating) the initial and boundary
conditions (1.2) and (1.3), that is, we require that

U%(&) =g4(8), ¢egxg, (3.4)
and that forn=0,...,M, «,f==+1,and ¢ € G,
U' (o, B) = g5 (o, ), U™(e, &) = g3(a. &), U(E,B) = &3(E B). 3.5)

The right-hand sides in (3.1) can be replaced with f(¢, t;.1,2). In fact, if in place of (1.1) we have
U + (Ll + LZ)u + d(x7.V7 t)uxy :f(x1y7 t7 u)7 (va’ t) S Q x [0 T]:
then, using extrapolation, the right-hand sides in (3.1) are replaced with (cf. [10,22,5])

FCE tuirja, UV2(E)) — d(E, tuan o) U2 (£),
where

- 3 1
2yt U™, n=1,....M-1.
U 3 U 5 u, n ey
For n = 0, the approximation U'/2 € Py ® Py can be obtained using Taylor’s theorem and (1.2).

An alternative to (3.1)-(3.3) is (cf. (3.41)-(3.42) in [3] and (33)-(34) in Section 5 of Chapter 9 in [20])

Un+1/2 _ Un

[osf“’i””U"“” FLU (O =f(E ), E€GXG,
i ni1/2pmel/2 |, pnely et 3 } (3.6)
—5— tLT AU LU () =f(E tap), E€0xG,

Un+1/2(a7 é) — {(‘1/2)(UH+1 + Un) + (,L./4)(Lg+1un+l . L;U“)] (OC, 5)7 o= 41, (37)

which is obtained by replacing L3"'/? in the first and second equations of (3.1) with L} and L}*", respectively, and by replacing
LYY2 U™ — gy in (3.3) with LI'U™! — [2U™. In the case of finite difference spatial discretization, it is stated in [20] that the
finite difference correction term corresponding to (t/4)(Ly"'U™" — L3U") in (3.7) can be dropped without affecting the sec-
ond order accuracy in time. A similar comment at the bottom of p. 370 in [13] (see also [14]) seems to suggest that the cor-
rection term improves the accuracy of the method (not necessarily its order) since it only reduces the error constant.

The schemes (3.1)-(3.3) and, (3.6) and (3.7) can be viewed as generalizations of the well-known Peaceman-Rachford
method proposed in [17] for the heat equation and finite difference spatial discretization. For the time-independent opera-
tors L; and L,, the schemes (3.1)-(3.3) and, (3.6) and (3.7) coincide. For the time-independent L; and L,, the scheme (3.1)
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with spectral collocation at the Legendre Gauss-Lobatto points was considered in [1] in a more complicated form, the so-
called fractional step Runge-Kutta form. Also in [1], formulas, more complicated than those in (3.3), were suggested for
obtaining the boundary values of the intermediate approximation U™"'/? in order to avoid the so-called order reduction com-
monly associated with Runge-Kutta methods. A new scheme which is second order accurate in time, also based on fractional
step Runge-Kutta methods, was proposed recently in [15] for time dependent L; and L,. Again, the scheme of [15], which
requires modifications to avoid order reduction, appears to be more complicated than our scheme (3.1)-(3.3).

The implementation of the scheme (3.1)-(3.3) is similar to that of the corresponding orthogonal spline collocation CN ADI
scheme (see Section 5 of [4]). For example, the two equations in (3.1) can be rewritten in the form

[+ @2 ) U 2 (@) = (/2 (E tra) + V'O, €€, (38)

[+ (/2132 U (@) = 20mP2() - Ve, ceg. (39)
where

V'(©) = [I- (@21 |une), ceo. (3.10)

In the remaining part of this section we discuss in more detail the implementation of (3.8)-(3.10) and its cost in the case
of Chebyshev spectral collocation. (The discussion is similar for Legendre spectral collocation with the term log N replaced
by N.) First, for each i=1,...,N—1, using (3.10) and the representation of U"(&,y), y € [-1,1], in terms of
p(¥), 1=0,...,N, we compute V"(&,&), j=1,...,N—1. For each i this computation involves multiplications of a vector
by the matrices A, B, C of (2.4) and hence (see the discussion in Section 2) its cost is O(Nlog N). Thus the cost of comput-
ing V'(¢), &€, is O(N?logN). Then, for each j=1,...,N—1, using (3.8) and (3.3), we compute the representation of
U™ (x, &), x € [-1,1], in terms of p,(x), k=0,...,N. For each j, this computation involves solving a linear system of
the form (2.11) and hence it can be done using the preconditioned BICGSTAB method (see the discussion following
(2.11)). In a similar way, for each i =1,...,N -1, using (3.9), we compute the representation of U™ (¢;,y), y € [-1,1],
in terms of p,(y), [=0,...,N, by solving a linear system of the form (2.11). It follows from the discussion following
(2.11) that the cost of solving all linear systems corresponding to (3.8) and (3.9) is O(N? log N) assuming that a fixed num-
ber of iterations of the preconditioned BICGSTAB (independent of T and N; cf. [11]) will be sufficient to preserve the sec-
ond order accuracy in time and the spectral accuracy in space. (When computing the representations of
U2, &), xe[-1,1], and U™ (&,y), y€[-1,1], the representations of U™ '?(x,¢), xe[-1,1], and U"(&,y),
y € [-1,1], can be used for selecting an initial guess in the preconditioned BICGSTAB method.) It follows from our discus-
sion that the cost of one step of the CN ADI scheme is O(N? log N). At the last time level, at a cost of O(N?log N), the rep-
resentations of UM(—1,y), UM(¢,y), i=1,...,N—1, UM(1,y), y € [-1,1], in terms of p,(y), | =0,...,N, are converted into
the representation of U™(x,y) in terms of p,(x)p,(y), k,1=0,...,N.

4. LM ADI scheme

The second order accurate in time LM ADI scheme (cf. (4.25) in [3] and (6.18) in [12]) consists of finding
U'ePy®Py, n=2,...,M,such thatforn=1,... M -1
N o* .

(éw” + (L + 5)U" = 240:U" + 2J~ZTW0?U”> ©=f"0). ¢eGxg, (4.1)
where the stability parameter 4 > 0 is to be selected and where U°, U' € Py ® Py, U"|0, n=2,...,M, are assumed to be gi-
ven. Clearly U° and U"|,,, n=2,...,M, can be determined using (3.4) and (3.5), respectively. In this paper, we select U’
using one step of the CN ADI scheme (3.1)-(3.3). (In the context of the finite element Galerkin discretization, an alternative
method for selecting U' is discussed in [12] on pp. 245-247.)

Since {p,(x)}}_, is a basis for Py, we have

N N
U'(xy) =Y > uip®py), n=0,....N. (42)
k=0 =0

Hence finding U", n=0,...,M, is equivalent to computing the vectors
T
u' = [ug_o,...,ug_N,...,ug_O,...,u,'i,‘N] , n=0,...,M.

The vector u® is obtained using (3.4) and (3.5) with n = 0 while the vector u' is obtained using (3.8)-(3.10) with n = 0 and
(3.5) with n = 1. The Eq. (3.5) implies that
Ug;, Uyp Uges Ugy, 1=0,...,N, k=1,....N-1, n=2,....M, (4.3)

are known. For eachn =1,...,M — 1, the remaining entries of the vector u"*! are obtained from (4.1) by solving the linear
system
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- —qt+l _ gn-1 - - - - - - -
B®BuT+/1[A®B+B®A+221A®A](u"” —2ut uth) =, (4.4)

where
fr=f— {D(al)ﬁ ® B+ D(b)C ® B+D(c)B® B +D(a;)B® A +D(b;)B® E] u’, (4.5)

T
f”: I;f]n’]s"'7f‘1’17N7]7"'7anf‘1,]7"'<,f]\r]171,N7‘1 ) if;:fn(éivéj)’

A, B, C are defined in (2.6), and D(g) is a diagonal matrix with its diagonal entries equal to the values of g at the collocation
points (&, &), i,j=1,...,N. Since

A®@B=(A®Iy.1)(In1 ®B),
the computation of A ® Bu" involves N + 1 multiplications by B and N — 1 multiplications by A. We introduce

vi=u'—-u"', n=1,...M, Z'=v'-v"! n=2... M (4.6)
Then

vl =yt 2zl g™ =" v n=1,... M. 4.7)
Subtracting and adding 2v" to u™! —u™! in the first term of (4.4), multiplying through by 27, and using (4.6), we obtain

[E ®B+2iT(A® B+ B A)+4: A @Z} 7! = 21" — 2B @ Bv", (4.8)
forn=1,...,N — 1. Note that the left-hand side of (4.8) factors out to yield

(B +2/1A) ® (B + 2/tA)z™" = 21f" — 2B @ Bv". (4.9)

In the remaining part of this section we give more details for Chebyshev spectral collocation. (For Legendre spectral collo-
cation the term logN is to be replaced with N.) For each n=1,...,M — 1, we first compute f" using (4.5). Since FFTs can be
used to multiply a vector by A, B, and C, the cost of computing f" is O(N? log N). Then we compute the right-hand side of (4.9)
and solve (4.9) for z*1. (Note that the multiplication of v" by B ® B on the right-hand side in (4.9) can be avoided since it
follows from (4.6) that B @ Bv" = u? — ul~!, where u} = B  Bu" is obtained when computing f" of (4.5).) Let

7" = [z{;‘o,...,zg‘N,...,z}’w...,z}’v_N]T, n=2,...,M.
Then it follows from (4.6) and (4.3) that

Zon Znp Zkos Zews 1=0,...,N, k=1,...N-1, n=2,... M,
are known. Moreover, since

(B+2/TA) ® (B +24TA) = [(B + 24TA) ® Iy_1][Ins1 ©® (B + 241A))],

the discussion following (2.8) implies that solving (4.9) for z"+! involves solving N — 1 systems with the matrix B’ + 21tA’ and
solving N + 1 systems with the matrix B’ + 2AtA’. According to the discussion following (2.10) any such system can be solved
in a direct way at a cost O(N log N) and hence the cost of solving (4.9) for z**! is O(N? log N). Finally we use (4.7) to obtain v"+!
and u™'. Clearly, the cost of one step of the scheme is O(N? log N).

In comparison to the CN ADI method, the LM ADI method does not involve the iterative solution of systems of the form
(2.11). However, in contrast to the LM ADI method, the CN ADI scheme does not require a selection of a stability parameter.

5. Convergence analysis for the heat equation

Assume
Liu=—-uy, Lu=-u,, g,=0, (5.1)
in (1.1) and (1.3), respectively. Let {éi}flzo and {Wi}f':() be the nodes and weights, respectively, of the (N + 1)-point Legendre
Gauss-Lobatto quadrature for [-1, 1], and let the discrete and continuous inner products and norms be defined by

N-1 N-1
(U,Z)N =

i=1

— .. 2 0 0
WIW](UZ)(€1-€1)7 HyHN:(U7 y)N7 UsZEPNXPN’
=1

<.

<v,z>:/vzd9, 0P = (0.0), v.zelX(Q).
Q

For a positive integer s, || - ||, denotes the standard norm in H*(Q).
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In our analysis, we assume that the exact solution u of (1.1)-(1.6) is sufficiently smooth. In what follows, ¢ denotes a gen-
eric positive constant independent of N and .

5.1. The CN ADI scheme

Using (5.1) it can be shown that the CN ADI scheme defined by (3.1), (3.3), and (3.5) is equivalent to: Find
U'ePS®P) n=1,...,M,such that forn=0,... M—1

1
T

(Unﬂ _ Un) _1A(Un+1 + Un) +I 84
2 4 9x20y?

o u")] (O =F"2(0). ceGxg, 52

where U° in P  PY is given. Since the (N + 1)-point Legendre Gauss-Lobatto quadrature is exact for polynomials of degree
< 2N — 1, it follows that (5.2) is equivalent to

4
HU 0, S ) (G 0 -0 < o we xR 53)
For ¢ € [0, T], the comparison function W(-,t) € PY @ P3 is defined by
—AW(E t) = —Au(t), Cegxg. (5.4)
We introduce
=u-W, tel0,T], 0"=U"-W" n=0,...,M. 55
n
Using Theorems 15.3 and 15.4 in [2], we have
Illy < e(N"*lul,+ Nl 4ul,, ), te0,T], (5.6)
o |0k || du
aTl'z gc(Nsatk #Nlasgl ) teT k=01 (5.7)
N a

For v e P?V ® PY, using (5.5), (5.3), (3.2), (1.1), (5.1), (5.4), and (5.5), we obtain

4
%(Gnﬂ —on, U)N 7%(41(9”“ o), 7/)1\1 +I ( 0 (O™ —gmy, y)

4 \ 9x20y?
_ (fn+1/2 1}) _1(Wn+1 —wn y) +1(A(Wn+1 +W") Z/) _E 64 (Wn+1 _ Wn) v
TN 1 PN PN 4\ ox20y2 '
1 n+1 n 1 n+1 n T 64 n+1 n . n
=5 W g, o)y - (W =W o)y -2 8){2—63/2(W -Whv | =31, (5:8)
i-1
where
un+1 +un 1 . 1
1711 — (%_?(unﬂ _un)7U>N7 12 :?(I,Inﬂ _’,,n7U)N’
n T 84 n T (94
5="g <ax28y2 Wt —uf), U)’ =2 (a;@ayz (" =), v)'
Using the Cauchy-Schwarz inequality and
vl < llolly <cllvll, vePyePy, (5.9
which is (4.5.41) in [18], we have
I <ct?|vlly, B <ct(|oly, (5.10)
n 1 n+1 n n 84 n+1 n
<t =, 1 < ey O =) (5.11)

In the following Zy denotes the interpolating operator associated with the Gauss-Lobatto grid of Legendre type (see (14.7) in
[2]). Since 5! — " = [y, dt, using || [ g, dt|y < [ |7l de, (5.5) and (5.9), the triangle inequality, Theorem 14.2 in
[2], and (5.7), we have
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o] thia i1
I =l < / el dt = / | Zate — Wil dt < ¢ / | Tt — W de
tn th tn

tni1 tni1 i1 tni1
< c/ Hut—INu[||dt+c/ Hut—WtHdtch'S/ ||ut||sdt+cN‘“/ A, dt
th th [ th
<Cct(N*+N).
Hence (5.11) and (5.12) yield
I <c(N” +N)|v]y.

In a similar way, we obtain

[ 4 tny1
- / I gl < /
t, OX20y t

It follows from Theorem 7.4 in [2] that for t € [0, T] there is p in Py ® Py, depending on t, such that

84(ut -p)
Ox20y?

84
0x20y?

a'n,
Ox20y?

(’,InJrl _ ;,’n) dt

[ue = pll < N luell, <eNluell, te€0,T].

Using repeatedly the inverse inequality
Pl 1y < CN2||¢HL2 _11p ¢ € Pw,
(see (5.2) in [2]), the triangle inequality, (5.5), (5.7), and (5.15), we have

84(Wr -p) 8 8 8 8-s 8-a
“aoxzgyr || S N IWe=pll < N7l + eNVllue = pll < eNTuells + eNTllAuell, - € € [0.T],
Using (5.5), the triangle inequality, (5.15) and (5.17), and assuming that s > 8 and ¢ > 8, we obtain

84(Ur - D)
0x20y?

64(Wf - D)
Ox20y?

a'n,
0x20y?

<c, teloT).

Hence (5.11), (5.14), and (5.18) yield
Iy < 7]y

Taking v = (0™ — 0")/7 in (5.8), using
(—Aaw,z)y = (W, —4z)y w,ze P @ P,

which follows from (6.2.23) in [18], and using

v ’ Pv ov ’v v -
X209y’ Ox0y?’ Ox oxoy'oxoy | =

which is derived by integration by parts, we have

4
0 = o (401 071), = (4007, < SO
i=1

It follows from the above inequality, (5.10), (5.13) and (5.19), and the € inequality
ap < €0 +416ﬁ2, o,feR, €>0,
that
— (40", 0™+ (40", 0"y < cT(T' + NP +N?), n=0,....M-1.
Summing the last inequality forn =0,...,k — 1, where 1 < k < M, and then replacing k with n, we obtain
—(40",0")y < —(46°,0°), +ent(t* + N F+N*), n=0,....M.
It follows from (6.2.26) in [18] and Poincaré’s inequality that
cllzliy < ~(4z.2)y < cllzlli, z€Py@Py.
For U® = W°, which along with (5.5) gives ¢° = 0, (5.22) and (5.23) imply
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(5.12)

(5.13)

(5.14)

(5.15)

(5.16)

(5.17)

(5.18)

(5.19)

(5.20)

(5.21)

(5.22)

(5.23)
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10"? <cnt(t* + N> +N2%%), n=0,...,M. (5.24)
Since u" — U" = " — 0" by (5.5), it follows from the triangle inequality, (5.6), (5.7), and (5.24) that
[u" —U"|, <c(t>+N'"*+N%, n=0,....M, (5.25)

and
Ju" —U"| <c(t>+N*+N7°), n=0,...,M,

which proves the second order accuracy in time in the discrete maximum norm and the spectral accuracy in space in the H'
and L? norms of the CN ADI Legendre spectral collocation scheme.

For U° defined by (3.4), using (1.2), we have U° = Zyu®. Hence it follows from (5.23), the triangle inequality, (5.5), The-
orem 14.2 in [2], and (5.6) that

—(40°,0°) < )} < c(Iu® = Tl + I < C(NP 4N,

This and (5.22) lead to (5.24) with N~ replaced by N>~* and then to (5.25).

The presented convergence analysis of the CN ADI Legendre spectral collocation scheme for the heat equation does not
seem to be directly applicable to the CN ADI Chebyshev spectral collocation scheme. One of the main difficulties is that
(5.20) is invalid for the discrete inner product (-,-), induced by the nodes and weights of the (N + 1)-point Chebyshev
Gauss-Lobatto quadrature on [—1,1]. Moreover, it is not known to the authors of this paper if the Legendre spectral
collocation results, like (5.6), (5.7), or Theorem 14.2 in [2], have their corresponding counterparts in the case of Chebyshev
spectral collocation. For both, the Legendre and Chebyshev CN ADI spectral collocation schemes, the situation is even more
complicated in the case of variable coefficient problems. For elliptic variable coefficient problems, the convergence analysis
is usually given for a spectral Galerkin method with numerical integration rather than for a spectral collocation method (see,
for example, Section 15 in [2]). However, it is well-known that these two methods are not equivalent for variable coefficient
problems.

5.2. The LM ADI scheme

By (5.1), the scheme (4.1) is equivalent to: Find U" € P% @ P, n=2,...,M, such that forn=1,...,M — 1

(a}u" —AU" = JAQPU" + 2721 T ?ayz PRU" v ) =" v)y, vePyxP, (5.26)

where U°,U" in P} Py are given. Since the (N + 1)-point Legendre Gauss-Lobatto quadrature is exact for polynomials of
degree < 2N — 1, it follows that (5.26) is equivalent to

agm n n 1 84 n
(au ,v)N— (AU", v)yy — A(A02U", ), + 27%T <8x28y2 R2U", ) = (", v)y, veP)xP (5.27)

Assume that, for t € [0, T], the comparison function W(-,t) € Pg ® Pg is defined by (5.4) and that # and 0" are defined in (5.5).
For v € P, ® PY, using (5.5), (5.27), (1.1), (5.1), (5.4), and (5.5), we obtain

- *
2 2 2
(307, v) = (40", )y — A(4570", v)y + 2 r(a sy >
- ot
2 2 2
= (", o) — (0w, v)N + (AW, D)y + A(APW", ), — 27T (a T A )
5

=l v)y — (aw", u)N + (452", v),, — 2@%( x?ayz PW" v > =>I, (5.28)

i-1
where

R=(wr-daro) . B=(6r0) 1= 4k, ),

n 2 84 2 n 2 84 2
I =-22 r(axzayzatu 71/)7 Is =24 T(axzayzatn ,v).

Using the Cauchy-Schwarz inequality and (5.9), we have
NI <ct?|vlly, I <c?oly, (5:29)

o,
oy 1

I <llom"lInll2lly, 15 < ct "N 1Zlly-
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Since ™1 — ™1 = ﬁ:? n, dt, derivations similar to those in (5.12) and (5.13) yield
L <c(NZ° +N|v|y- (5.30)
To bound I we use (see the last unnumbered equation on p. 548 in [9])

tni1
ot = [ e Is tumeds

n-1

to obtain (cf. (5.14))

84

a'n
2
Ox29y2 o y

0x20y?

tni1
<CT /
thq

Hence derivations similar to those in (5.15)—(5.19) yield
Is <o)y (5.31)
Taking v = §,6" in (5.28), we have

tni1 ’7
/t (T—1s— t"Da 28“2 ds

-1

A on n o a an 5 n n-1 5 on 8 n A on
18,0 |\§,+(2171)(A9,0t9 )NfA(Ae 440 1,8[0) +22%1 (Wafe,aﬁ):zm,
n=1,...M—-1, (5.32)

It follows from (5.20) that

A

2407+ 207 507) = - [0 00T — (40707, ). (5.33)

Integrating by parts and expressing 8?¢" and d,¢" in terms of 9,¢" and 9,¢""!, we have

4 2
21%( 4 0", 64}")212 (6—820" o a}o”)

ox2oy? t 0xay oxaoy
> > > >
_ 92 n_ n—1 n n—1
=7 <8x6y 00 Xy %0 X0y 90"+ 8x6y 20
2 2
oa >
_ 2 ni| n—1
= ( xay 10 5xay O ) : (5.34)

Substituting (5.33) and (5.34) into (5.32), using (5.29), (5.30), (5.31), (5.21), and multiplying through by 27, we obtain
2

2 2 2
a
. 1 -1 -1 gn-1 1 1 22 -1
(2= 1)(40", 0" — 6" )N+/1[(A0" 0" )N— (40", 0" )N} + 22 1’( axayéw” — mayat(?" )
Sc(t*+NZ+N%*), n=1,... M-1.
Summing both sides of this inequality for n=1,...,g —1, where 2 <q <M, and dropping the nonnegative term
2
2.2t Oiay 8:097'|| on the left-hand side, we obtain
i ’
2i-1)S +S <c| T +NF4+N¥ 4 7|5 8yara° q=2,....M, (5.35)
where, from (5.20),
q-1 q q-1
S = Z <A0n70n+1 _()n—l)N _ On 1 0n ()n 1 ()n
n=1 n:2 n=1
-1 0 i
= (467 Gq) — (40°,0 )N, (5.36)
= nlnl n+1 an+1 & nn : nn
:Z A0 01, — (4070 )N}:Z;AOO Z;Aoo
1 q
(46",6") — " (407,60, (5.37)

O

n=| n=q-1

Since (—4w,z)y is an inner product on P © P, the Cauchy-Schwarz inequality and (5.21) yield
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1/2

[(40°7,0%) | < (=467, 0771),) (— 467, 0%)% <

NI'—'\

q
D (= 40",0")y (5.38)
=q-

n 1

We assume that 1 > 1/4 and set o = (1/2)|2 — 1/]. Then o € [0,1) and it follows from (5.38) that

q

|2 =1/2) (407 1,67) | <o D (—40",0")y.

n=q—1
Hence
q
(22— 1)(4071,0%) = 2 > (40",0")y = 21 —a) > (—40",0")y (5.39)
n=q—1 n=q-1
Using (5.35)-(5.37), and (5.39), we obtain

q
D (40" 0Ny < ¢ (7:4 +NZ LN 41

n=q—1

1
Z —40",0")
for g =2,..., M. Assuming that U° = W° and using the last inequality, (5.23), and replacing q with n, we have

20|
X3y

10" < c(r“ + NN 07+

), n=2,...,M. (5.40)

If U is obtained using I steps of the CN ADI scheme with stepsize t/l, then (5.24) implies that
1012 < ct[(z/D)* + N + N2,

Using (5.16) and the above inequality, we have

20|’
t 0x0y

< CTN*[0' |2 < coNPIN (/1) + N> % 4 N> 27),

Soif T < 1/N and I > VN, the last two inequalities give
2

21
a0 < C(,-L-4 +N2723 +N2720)7

1
10713 + T -

and hence, on using also (5.40) and 6° = 0, we obtain

6% <c(?+N'"S4+N"%), n=0,... M. (5.41)
Since u® — U" = ™ — 0" by (5.5), it follows from the triangle inequality, (5.6), and (5.41) that

[u" —U"|, <c(t>+N'"*+N'"%), n=0,... M,
which proves the second order accuracy in time in the discrete maximum norm and the spectral accuracy in space in the H'

norm of the LM ADI Legendre spectral collocation scheme.

6. Numerical results

In our numerical tests we considered the problem (1.1)-(1.6) with T = 1 and

a(x,y,t)=(1+x*+y* +t2)/4, bi(x,y,t) = —(1/6)cos(x+y + 1),
ay(x,y,t) = (1/4)sin(x +y) + (t +4)/3, by(x,y,t) = (1/5)e*V
c(x,y,t) = —log(x +y +t+3).

The functions f, g; and g, in (1.1)-(1.3) were selected so that

was the exact solution of the problem.

In all our computations, carried out in double precision, we used the CN ADI and LM ADI Chebyshev spectral collocation
schemes with the same N = 24 and various values M, of M. We used (3.4) and (3.5) to obtain U° and U" loo» n=1,..., M, and
we also used one step of the CN ADI scheme with 7, = 1/M, to obtain U' for the LM ADI scheme. In each step of the CN ADI
scheme, the linear systems of the form (2.12) resulting from (3.8) and (3.9) (see the discussion in Section 3) were solved
using six iterations of the preconditioned BICGSTAB method with the zero vector as an initial guess. In the case of variable
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Table 1

Errors and convergence rates.
M, CN ADI CN ADI M LM ADI

Error Rate Error Rate Error Rate

8 9.063-03 5.101-02 1.326-02
16 2.354-03 1.945 2.000-02 1.351 3.441-03 1.946
32 5.946-04 1.985 6.203-03 1.689 8.755-04 1.975
64 1.490-04 1.996 1.764-03 1.814 2.209-04 1.987
128 3.729-05 1.999 4.528-04 1.962 5.549-05 1.993
256 9.325-06 2.000 1.137-04 1.994 1.391-05 1.996
512 2.332-06 2.000 2.845-05 1.999 3.481-06 1.998
1024 5.828-07 2.000 7.113-06 2.000 8.707-07 1.999

coefficients, the stability parameter /. in the LM ADI finite element Galerkin method is selected so that 1 > am.x/4 (see
Theorem 6.2 in [12]). For our example, we used 1 =1/2.

To verify the second order accuracy in t, we computed the convergence rates using the formula
log(errory/error, )

log(Tk/Tk:1) '

Convergence rate ~

where

error, = max |U(&,&,1) — UM (&, &)|.

1<ij<N-1

In Table 1, CN ADI M refers to the modification of the CN ADI scheme in which the correction term (t/4)L3""/2(U™" — U") of
(3.3) is dropped. The results presented in Table 1 confirm that all three schemes are second order accurate in time.
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